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ANALYSIS OF MINIMIZERS OF THE LAWRENCE-DONIACH ENERGY FOR
SUPERCONDUCTORS IN APPLIED FIELDS
PATRICIA BAUMAN AND GUANYING PENG
Abstract. We analyze minimizers of the Lawrence-Doniach energy for layered superconduc-
tors with Josephson constant λ and Ginzburg-Landau parameter 1/ǫ in a bounded generalized
cylinder D = Ω × [0, L] in R3,where Ω is a bounded simply connected Lipschitz domain in
R2. Our main result is that in an applied magnetic field ~Hex = hex~e3 which is perpendicu-
lar to the layers with |ln ǫ| ≪ hex ≪ ǫ−2, the minimum Lawrence-Doniach energy is given by
|D|
2 hex ln
1
ǫ
√
hex
(1+ oǫ,s(1)) as ǫ and the interlayer distance s tend to zero. We also prove estimates
on the behavior of the order parameters, induced magnetic field, and vorticity in this regime.
Finally, we observe that as a consequence of our results, the same asymptotic formula holds
for the minimum anisotropic three-dimensional Ginzburg-Landau energy in D with anisotropic
parameter λ and oǫ,s(1) replaced by oǫ(1).
1. Introduction
The Lawrence-Doniach model was formulated by Lawrence and Doniach in 1971 as a
macroscopic model for layered superconductors. While the standard Ginzburg-Landaumodel
has been well accepted as a macroscopic model for isotropic superconductors, it does not ac-
count for the anisotropy in three-dimensional high temperature superconducting materials.
For these materials, depending on the nature of the anisotropy in the material, physicists have
used the Lawrence-Doniach model (which treats the superconducting material as a stack of
parallel superconducting layers with nonlinear Josephson coupling between them) or the
three-dimensional anisotropic Ginzburg-Landau model (which is a slight modification of the
standard three-dimensional Ginzburg-Landau model). (See [14].)
The standard two-dimensional Ginzburg-Landau model (with energy given by (1.6)) has
been intensively investigated. In this case, an analysis of the behavior of energy minimiz-
ers and their vortex structure in an applied magnetic field hex~e3 with modulus hex in dif-
ferent regimes (e.g., hex ≈ c| ln ǫ|, | ln ǫ| ≪ hex ≪ ǫ−2, or hex ≥ Cǫ2 ) is now well under-
stood. In particular, under appropriate assumptions on c and C above, it was shown that
these regimes correspond to the appearance of vortices in superconductivity, the intermedi-
ate mixed phase, and the normal (nonsuperconducting) phase, respectively. (See [13], [15]
and [18]-[21].) These results have now been generalized to the standard three-dimensional
Ginzburg-Landau model (with energy given by (1.8) and λ = 1). (See [6], [7], [8], [13]
and [16].) In the three-dimensional case, defects in energy minimizers are vortex filaments,
and behavior of the order parameter near the defects is not as well understood as in two-
dimensional superconductors. (See [6], [7], [8], and [13].)
For the Lawrence-Doniach model (with energy given by (1.1)), a considerable amount of
work has been done. (See [1]-[5], [9], [10] and [17].) In particular, an analysis with hex in the
first two regimes was done for the gauge-periodic problem in [4]; in that case the supercon-
ductor was assumed to occupy all of R3 and the gauge invariant quantities were assumed to
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be periodic with respect to a given parallelepiped. For the non-gauge periodic case, in the
last regime, hex ≥ Cǫ2 , it was shown in [9] that if C is a sufficiently large constant (independent
of ǫ and the interlayer distance), all minimizers of the Lawrence-Doniach energy are in the
normal (nonsuperconducting) phase, that is, the order parameters on the layers, {un}Nn=0, are
all identically equal to zero, and the induced magnetic field, ∇× ~A, is identically equal to
the applied magnetic field. Recently, the second author has proved Γ-convergence of the nor-
malized Lawrence-Doniach energies, {(ln ǫ)−2Gǫ,sLD({un}Nn=0, ~A)} with hex in the first regime,
assuming hex ≈ c| ln ǫ|, along with an additional scaling assumption on s versus ǫ, as ǫ tends
to zero. (See [17].)
In this paper, we investigate minimizers of the Lawrence-Doniach energy with hex in the
second regime, i.e., | ln ǫ| ≪ hex ≪ ǫ−2, without gauge-periodicity assumptions or a relative
size condition on s versus ǫ.
The Lawrence-Doniach model describes a layered superconductor occupying a cylinder
D = Ω× [0, L] with cross-section Ω, height L, and N + 1 layers of superconducting material
at Ω× {ns} for n = 0, 1, · · · ,N, where N ≥ 1 and s = LN . We assume throughout this paper
that Ω is a bounded simply connected Lipschitz domain in R2 and that L and λ are fixed
positive constants. In an applied magnetic field ~H = hex~e3, the Lawrence-Doniach energy is
given by
Gǫ,sLD({un}Nn=0, ~A) = s
N
∑
n=0
∫
Ω
[
1
2
|∇ˆAˆnun|2 +
1
4ǫ2
(1− |un|2)2
]
dxˆ
+ s
N−1
∑
n=0
∫
Ω
1
2λ2s2
|un+1 − uneı
∫ (n+1)s
ns A
3dx3|2dxˆ
+
1
2
∫
R3
|∇ × ~A− hex~e3|2dx
(1.1)
for ({un}Nn=0, ~A) such that{
{un}Nn=0 ∈ [H1(Ω;C)]N+1 and
~A ∈ E := {~C ∈ H1loc(R3;R3) : (∇× ~C)− hex~e3 ∈ L2(R3;R3)}.
(1.2)
Here ǫ > 0 is the reciprocal of the Ginzburg-Landau parameter, and λ is the Josephson pen-
etration depth. The applied magnetic field hex~e3 is assumed to satisfy | ln ǫ| ≪ hex ≪ ǫ−2 as
ǫ→ 0. The complex valued function un defined in Ω is the order parameter for the nth layer
and |un(x1, x2)|2 is the density of superconducting electron pairs at each point (x1, x2, ns) on
the nth layer. For a minimizer of the Lawrence-Doniach energy (1.1), |un(x1, x2)| > 0 corre-
sponds to a superconducting state at (x1, x2, ns), whereas |un(x1, x2)| = 0 corresponds to a
normal (nonsuperconducting) state at (x1, x2, ns), in which the density of superconducting
electrons is zero. The vector field ~A = (A1, A2, A3) defined on R3 is called the magnetic
potential; its curl, ∇× ~A, is the induced magnetic field. We let x = (x1, x2, x3), ∇ˆ = (∂1, ∂2),
xˆ = (x1, x2), Aˆ = (A
1, A2) and Aˆn(xˆ) = (A1(xˆ, ns), A2(xˆ, ns)), the trace of Aˆ on the nth
layer. We set ∇ˆAˆnun = ∇ˆun − ıAˆnun on Ω. In the following, given two complex numbers u
and v, we let (u, v) = 12 (u¯v+ uv¯) = ℜ(uv¯), which is an inner product of u = u1 + ıu2 and
v = v1 + ıv2 in C that agrees with the inner product of (u1, u2) and (v1, v2) in R
2.
We remark that since ~A ∈ H1loc(R3;R3), it follows from the trace theorem and the Sobolev
imbedding theorem that its trace Aˆn ∈ H
1
2
loc(R
2;R2) ⊂ L4loc(R2;R2) and therefore the Lawrence-
Doniach energy Gǫ,sLD({un}Nn=0, ~A) is well-defined and finite. The existence of minimizers in
[H1(Ω;C)]N+1× E was shown by Chapman, Du and Gunzburger in [10]. Each minimizer of
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Gǫ,sLD corresponds to a physically realistic state for the layered superconductor. The minimizer
satisfies the Euler-Lagrange equations associated to the Lawrence-Doniach energy. This sys-
tem of equations is called the Lawrence-Doniach system and it is given by

(∇ˆ − ıAˆn)2un + 1ǫ2 (1− |un|2)un + Pn = 0 on Ω,
∇× (∇× ~A) = (j1, j2, j3) in R3,
(∇ˆ − ıAˆn)un ·~n = 0 on ∂Ω,
∇× ~A− hex~e3 ∈ L2(R3;R3)
for all n = 0, 1, ...,N, where
Pn =


1
λ2s2
(u1Υ
1
0 − u0) if n = 0,
1
λ2s2
(un+1Υ
n+1
n + un−1Υnn−1 − 2un) if 0 < n < N,
1
λ2s2
(uN−1ΥNN−1 − uN) if n = N,
Υn+1n = e
ı
∫ (n+1)s
ns A
3dx3 for n = 0, 1, ...,N − 1,
ji = −s
N
∑
n=0
(∂iun − ıAinun,−ıun)χΩ(x1, x2)dx1dx2δns(x3) for i = 1, 2,
j3 = s
N−1
∑
n=0
1
λ2s2
(un+1 − unΥn+1n , ıunΥn+1n )χΩ(x1, x2)χ[ns,(n+1)s](x3).
It was proved in [9] that a minimizer ({un}Nn=0, ~A) of (1.1) satisfies |un| ≤ 1 a.e. in Ω for all
n = 0, 1, ...,N.
Two configurations ({un}Nn=0, ~A) and ({vn}Nn=0,~B) in [H1(Ω;C)]N+1 × E are called gauge
equivalent if there exists a function g ∈ H2loc(R3) such that{
un(xˆ) = vn(xˆ)eıg(xˆ,ns) in Ω,
~A = ~B+∇g in R3. (1.3)
Simple calculations show that Gǫ,sLD (and each term in Gǫ,sLD) is invariant under the above gauge
transformation, i.e., for two configurations ({un}Nn=0, ~A) and ({vn}Nn=0, ~B) that are related by
(1.3), we have Gǫ,sLD({un}Nn=0, ~A) = Gǫ,sLD({vn}Nn=0,~B). Let~a = ~a(x) be any fixed smooth vector
field on R3 such that ∇×~a = ~e3 in R3. For example, we may choose ~a(x) = 12 (−x2, x1, 0). It
was also proved in [9] that every pair ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1× E is gauge equivalent
to another pair ({vn}Nn=0,~B) ∈ [H1(Ω;C)]N+1 × K where
K := {~C ∈ E : ∇ · ~C = 0 and ~C− hex~a ∈ Hˇ1(R3) ∩ L6(R3;R3)}. (1.4)
Here the space Hˇ1(R3) represents the completion of C∞0 (R
3;R3) with respect to the semi-
norm
‖~C‖Hˇ1(R3) = (
∫
R3
|∇~C|2dx) 12 .
In particular, any minimizer of Gǫ,sLD in the admissible space [H1(Ω;C)]N+1 × E is gauge-
equivalent to a minimizer in the space [H1(Ω;C)]N+1 × K, called the “Coulomb gauge” for
Gǫ,sLD. It was shown in [9] that minimizers in the Coulomb gauge satisfy un ∈ C∞(Ω) and
Aˆn ∈ H1loc(R2;R2) for all n = 0, 1, ...,N. Throughout this paper, we take~a(x) = 12 (−x2, x1, 0).
Given the above definitions, our main results are the following:
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Theorem 1. Assume | ln ǫ| ≪ hex ≪ ǫ−2 as ǫ→ 0. Let ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1× K be a
minimizer of Gǫ,sLD. Then denoting the volume of D by |D|, we have∣∣∣∣Gǫ,sLD({un}Nn=0, ~A)− |D|2 hex ln 1ǫ√hex
∣∣∣∣ ≤ (Cs 17 + oǫ(1)) |D|2 hex ln 1ǫ√hex
= oǫ,s(1)
|D|
2
hex ln
1
ǫ
√
hex
for all ǫ and s sufficiently small, where C is a positive constant depending only on the diameter of Ω
and L. In particular,
lim
(ǫ,s)→(0,0)
Gǫ,sLD({un}Nn=0, ~A)
hex ln
1
ǫ
√
hex
=
|D|
2
.
(See Theorem 3.1 and Theorem 5.1.)
Here oǫ(1) denotes a quantity that converges to 0 as ǫ → 0 and oǫ,s(1) denotes a quantity
that converges to 0 as (ǫ, s) → (0, 0). Theorem 1 generalizes a result in the gauge periodic
case studied by Alama, Bronsard and Sandier for the energy (1.1) in which the domain Ω is
replaced by a parallelogram P in R2, the integral of |∇ × ~A− hex~e3|2 is taken over P× [0, L]
instead of over R3, and the minimization takes place among gauge periodic configurations
({un}Nn=0, ~A) in R3 with period P× [0, L]. (See [4].) In that case, they further showed that for
a minimizer of the gauge periodic problem, the order parameters un are all equal and A
3 is
identically zero. In particular, the Josephson coupling term
s
N−1
∑
n=0
∫
Ω
1
2λ2s2
|un+1 − uneı
∫ (n+1)s
ns A
3dx3 |2dxˆ (1.5)
vanishes in that case. They also proved that Aˆ(xˆ, ·) is periodic in x3 with period s and
established certain symmetries between the layers in Aˆ.
The results of Alama, Bronsard and Sandier indicated a close connection in the gauge
periodic case between the Lawrence-Doniach energy and the two-dimensional Ginzburg-
Landau energy GLǫ given by
GLǫ(u, Aˆ) =
1
2
∫
Ω
[
|∇ˆAˆu|2 +
1
2ǫ2
(1− |u|2)2
]
dxˆ+
1
2
∫
R2
( ˆcurlAˆ− hex)2dxˆ (1.6)
for hex as assumed above, where ˆcurl denotes the two-dimensional curl defined by ˆcurl(B1, B2) =
∂1B
2 − ∂2B1. We remark that for a minimizer of the two-dimensional energy GLǫ, the mag-
netic potential Aˆ satisfies ˆcurlAˆ = hex in R2 \ Ω. (See Lemma 2.1 in [13].) Therefore the
minimum of GLǫ is equal to the minimum of Fǫ given by
Fǫ(u, Aˆ) =
1
2
∫
Ω
[
|∇ˆAˆu|2 +
1
2ǫ2
(1− |u|2)2
]
dxˆ+
1
2
∫
Ω
( ˆcurlAˆ− hex)2dxˆ.
(See Prop. 3.4 in [21] for bounded simply connected smooth domains and Prop. 2.1 in this
paper for bounded simply connected Lipschitz domains.)
The upper bound on the minimum Lawrence-Doniach energy in Theorem 1 is obtained
by constructing a test function that is an extension of N + 1 copies in each layer, Ω× {ns},
of a two-dimensional configuration (u, (A1, A2)(xˆ, ns)). This construction is modeled after
one that was used by Kachmar [16] to prove an upper bound for the minimum value of
the standard three-dimensional Ginzburg-Landau energy with hex in the same regime as in
Theorem 1.
A matching lower bound is much more difficult to establish. To obtain it, we prove that for
a minimizer ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1× K of Gǫ,sLD and any hex > 0 (with no assumption
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on hex versus ǫ), we have
1
2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆ(xˆ, x3)− ˆcurlAˆn(xˆ)|2dxˆdx3 ≤ Cs
2
7Gǫ,sLD({un}Nn=0, ~A) (1.7)
for some constant C depending only on the diameter of Ω and L. (See Theorem 4.3.) For ease
of notation, let Mǫ :=
|D|
2 hex ln
1
ǫ
√
hex
. Note that for hex as in Theorem 1, ǫ
2Mǫ → 0 and ǫMǫ →
∞ as ǫ → 0. Our proof of Theorem 4.3 uses a single layer potential representation formula
for ~A proved by Bauman and Ko in [9] as well as a priori estimates for single layer potentials
(see [11] and [22]) and harmonic functions. Inequality (1.7) plays a crucial role in our proof
of the lower bound, as it implies that for minimizers of the Lawrence-Doniach energy, the
three-dimensional integral 12
∫
D | ˆcurlAˆ(xˆ, x3)− hex|2dx can be approximated within oǫ,s(1)Mǫ
by the sum of two-dimensional integrals, ΣN−1n=0
s
2
∫
Ω
| ˆcurlAˆn(xˆ)− hex|2dxˆ. As a result we have
that for a minimizer, the first term in the energy (1.1) plus the magnetic term 12
∫
D | ˆcurlAˆ−
hex|2dx can be approximated within oǫ,s(1)Mǫ by the sum of sFǫ(un, Aˆn). Combining this
with the lower bound for the minimum of Fǫ proved by Sandier and Serfaty in [21], we
obtain the lower bound in Theorem 1.
As a consequence of the proof of Theorem 1, we conclude that the Josephson coupling
term (1.5) contributes a lower order energy to the total Lawrence-Doniach energy. In fact, we
obtain
Theorem 2. Assume | ln ǫ| ≪ hex ≪ 1ǫ2 as ǫ → 0. Let ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1 × K be a
minimizer of Gǫ,sLD. Then
s
N−1
∑
n=0
∫
Ω
1
2λ2s2
|un+1 − uneı
∫ (n+1)s
ns A
3dx3|2dxˆ+ 1
2
∫
R3\D
|∇ × ~A− hex~e3|2dx
+
1
2
∫
D
[
(
∂A3
∂x2
− ∂A
2
∂x3
)2 + (
∂A1
∂x3
− ∂A
3
∂x1
)2
]
dx ≤ oǫ,s(1)Mǫ
as (ǫ, s)→ (0, 0).
(See Section 5 for the proof.)
Theorems 1 and 2 and the estimate (1.7) imply a strong influence up to leading order of
the two-dimensional energy Fǫ on the minimal Lawrence-Doniach energy. More precisely,
we prove in Corollary 5.2 that for a minimizer ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1 × K of the
Lawrence-Doniach energy, we have
Gǫ,sLD({un}Nn=0, ~A) =
[
N−1
∑
n=0
sFǫ(un, Aˆn)
]
+ oǫ,s(1)Mǫ.
Another consequence of Theorems 1 and 2 is the following:
Theorem 3. Under the assumptions of Theorem 1, we have
1
N + 1
N
∑
n=0
∫
Ω
(1− |un|2)2dxˆ+ 1
2
∫
R3
|∇ ×
~A
hex
−~e3|2dx→ 0
and
1
N + 1
N
∑
n=0
µn
hex
→ dxˆ in H−1(Ω)
as (ǫ, s) → (0, 0), where dxˆ is the two-dimensional Lebesgue measure and µn is the vorticity in the
nth layer, defined by
µn := ˆcurl(ıun, ∇ˆAˆnun) + ˆcurlAˆn.
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(See Theorem 5.3.)
The convergence of the average scaled vorticity in the layers to the Lebesgue measure
generalizes a result for minimizers of the two-dimensional Ginzburg-Landau energy Fǫ stud-
ied by Sandier and Serfaty. (See Cor. 8.1 in [21].) They showed that for minimizers of Fǫ,
the scaled vorticity measure
µ
hex
converges to dxˆ in H−1(Ω) as ǫ → 0. The vorticity mea-
sure µn in each layer is a gauge-invariant version of the Jacobian determinant of un, and
is analogous to the vorticity in fluids. If un is given in polar coordinates by ρne
iθn , then
µn = ˆcurl{ρ2n(∇ˆθn − Aˆn)}+ ˆcurlAˆn. The above theorem indicates that on average there are
numerous vortices and they have an approximately uniform distribution. More detailed re-
sults on the nature, location, and number of vortices for minimizers of the Lawrence-Doniach
energy is an interesting open problem to which the results of this paper should be relevant. It
would also be interesting to analyze the asymptotic behavior of minimizers when the applied
magnetic field is hex~e for hex in the regime considered here but with~e a unit vector that is not
perpendicular to the horizontal layers.
Recall that another model for a large class of high-temperature anisotropic superconduc-
tors is the three-dimensional anisotropic Ginzburg-Landau model. In that model, a mass
tensor with unequal principal values is introduced to account for the anisotropic structure
in the superconductor. (See [10] and [14] for more background information.) For a given
admissible function (ψ, ~A) in H1(D;C)× E, the anisotropic Ginzburg-Landau energy Gǫ,λAGL
in an applied magnetic field ~H = hex~e3 is given by
Gǫ,λAGL(ψ, ~A) =
1
2
∫
D
[
|∇ˆAˆψ|2 +
1
λ2
|( ∂
∂x3
− ıA3)ψ|2
]
dx
+
∫
D
(1− |ψ|2)2
4ǫ2
dx+
1
2
∫
R3
|∇ × ~A− hex~e3|2dx.
(1.8)
Here λ is the same constant as in the Lawrence-Doniach energy. If λ = 1, the anisotropic
Ginzburg-Landau energy becomes the standard three-dimensional Ginzburg-Landau energy.
For convenience in comparing Gǫ,λAGL and the Lawrence-Doniach energy for any given λ >
0, set Gǫ,s,λLD = Gǫ,sLD. A connection between the Lawrence-Doniach energy Gǫ,s,λLD and the
anisotropic Ginzburg-Landau energy Gǫ,λAGL when ǫ, λ, and hex are fixed and s tends to zero
was studied in [9] and [10]. In particular, it was shown in [10] that under this assumption,
a subsequence of minimizers of the Lawrence-Doniach energy (after extending the order
parameter by linear interpolation between the layers in D) forms a minimizing sequence of
the anisotropic Ginzburg-Landau energy. (See Theorem 5.1 in [10].)
Our last result concerns a comparison result and the asymptotic behavior of the minimum
values of the two energies for λ > 0 fixed but arbitrary as both ǫ and s tend to zero. The
following estimate (1.10) extends a previous result proved in [16] for the standard three-
dimensional Ginzburg-Landau energy (satisfying λ = 1). Thus when λ = 1, our proof gives
an alternate method for proving their result. (See also [6], [7] and [8] for other interesting re-
sults on the asymptotic behavior of minimizers for the standard three-dimensional Ginzburg
energy.) Using Theorem 1 of this paper and Theorem 5.1 of [10], we prove:
Corollary 1. Assume | ln ǫ| ≪ hex ≪ ǫ−2 as ǫ→ 0 and λ > 0. Let ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1×
E be a minimizer of Gǫ,s,λLD and let (ζ,~B) ∈ H1(D;C)× E be a minimizer of Gǫ,λAGL. We have
|Gǫ,λAGL(ζ,~B)− Gǫ,s,λLD ({un}Nn=0, ~A)| ≤ oǫ,s(1)
|D|
2
hex ln
1
ǫ
√
hex
(1.9)
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as (ǫ, s)→ (0, 0), and hence
|Gǫ,λAGL(ζ,~B)−
|D|
2
hex ln
1
ǫ
√
hex
| ≤ oǫ(1) |D|
2
hex ln
1
ǫ
√
hex
(1.10)
as ǫ→ 0.
(See Lemma 6.1 and Corollary 6.2.)
Our paper is organized as follows: In Section 2 we state some preliminary results con-
cerning the single layer potential representation formulas for Aˆ and Aˆn. In Section 3 we
prove the upper bound on the minimal Lawrence-Doniach energy. In Section 4 we prove the
a priori estimate for the magnetic potential ~A stated in (1.7). In Section 5 we use (1.7) to
prove the lower bound on the minimal Lawrence-Doniach energy which completes the proof
of Theorem 1; we also prove Theorems 2 and 3. Finally in Section 6 we prove Corollary 1.
2. Preliminaries
As noted in the introduction, the Lawrence-Doniach energy is invariant under the gauge
transformation (1.3) and minimizers of Gǫ,sLD are gauge-equivalent to a minimizer in the
“Coulomb gauge”. It was proved in [9] that, for a minimizer ({un}Nn=0, ~A) of Gǫ,sLD in the
“Coulomb gauge”, the magnetic potential ~A has an explicit representation formula using
single layer potentials. Recall the definition of the space Hˇ1(R3) in the introduction. From
[9], each ~C ∈ Hˇ1(R3) has a representative in L6(R3;R3) such that
‖~C‖L6(R3;R3) ≤ 2‖~C‖Hˇ1(R3)
and
‖~C‖2
Hˇ1(R3)
=
∫
R3
(|∇ · ~C|2 + |∇ × ~C|2)dx.
We remark that the Lawrence-Doniach energy Gǫ,sLD considered here is different from that
studied in [9] and [10], via a simple rescaling in the energy and the applied magnetic field
~H. The scaling we use here is the same as that used by Sandier and Serfaty in [21] to analyze
minimizers of the two-dimensional Ginzburg-Landau energy as ǫ tends to zero.
More precisely, setting κ = 1ǫ and letting Gκ,s,λld be the Lawrence-Doniach energy with
applied magnetic field ~H studied in [10] with ψn as the order parameter for the nth layer and
~Ald as the magnetic potential for Gκ,s,λld , respectively, we have{
Gǫ,s,λLD ({un}Nn=0, ~A)|~H=τκ~e3 =
κ2
2 Gκ,s,λld ({ψn}Nn=0, ~Ald)|~H=τ~e3,
for un = ψn and ~A = κ ~Ald
(2.1)
for any τ > 0. A similar rescaling holds for the anisotropic Ginzburg-Landau energy, i.e.,{
Gǫ,λAGL(ψ, ~A)|~H=τκ~e3 =
κ2
2 Gκ,λem (ψem, ~Aem)|~H=τ~e3,
for ψ = ψem and ~A = κ ~Aem,
(2.2)
where Gκ,λem is the anisotropic Ginzburg-Landau (or effective mass) energy introduced in [10]
with applied magnetic field ~H, and ψem, ~Aem are the order parameter and the magnetic
potential for Gκ,λem , respectively. The above formulas will be used in Section 6.
The analysis in [9] (after appropriate rescaling) applies here without any difficulty. In
particular, we have representation formulas for A1, A2, A1n and A
2
n for a minimizer of the
Lawrence-Doniach energy in the Coulomb gauge as in Lemma 3.1, Theorem 3.2 and Corollary
3.3 in [9]. To state these formulas, we first define the single layer potential for our setting. For
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each k ∈ {0, 1, ...,N}, and for a given function g ∈ Lp(Ω× {ks}) with 1 < p < ∞, we define
the operator Sk by
[Sk(g)](x) =
∫
Ω×{ks}
c
|x−Q| g(Q)dσ(Q)
for x in R3\[Ω×{ks}] where dσ denotes the surface measure on the plane and c = − 14π . (See
[11] and [22] for results on layer potentials in smooth and Lipschitz domains, respectively.)
Let ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1× K be a minimizer of Gǫ,sLD. Define hik in L2(Ω) by
hik(xˆ) = s(∂iuk − ıAikuk,−ıuk)χΩ(xˆ)
and define gik in L
2(Ω× {ks}) by
gik(x) = χΩ×{ks}(x)h
i
k(xˆ)
for i = 1, 2. Then the single layer potential of gik is
[Sk(g
i
k)](x) =
∫
Ω×{ks}
c
|x−Q| g
i
k(Q)dσ(Q)
=
∫
Ω
c
|x− (yˆ, ks)|h
i
k(yˆ)dyˆ.
(2.3)
With the above definitions, from the formulas in [9], we have
Ai(x)− hexai(x) =
N
∑
k=0
Sk(g
i
k)(x) in L
2
loc(R
3) (2.4)
and
Ain(xˆ)− hexain(xˆ) = tin(xˆ, ns) +
N
∑
k=0
k 6=n
Sk(g
i
k)(xˆ, ns) a.e. in R
2 (2.5)
for i = 1, 2, where tin(xˆ, ns) is the trace of [Sn(g
i
n)](x) on R
2 × {ns}, which is given by
tin(xˆ, ns) =
∫
Ω×{ns}
c
|(xˆ, ns)−Q| g
i
n(Q)dσ(Q)
=
∫
Ω
c
|xˆ− yˆ|h
i
n(yˆ)dyˆ,
and ain(xˆ) = a
i(xˆ, ns) corresponds to the trace of ai in R2 × {ns}.
In order to state further properties that will be used later, we need some definitions and
results from [9] (based on the theory of single layer potentials in [11] and [22]) concerning
nontangential limits and nontangential maximal functions. For fixed R > 0 and 0 < θ < π/2,
let
Γ := ΓR,θ = {x ∈ R3 : |x| < R and |x ·~e3| > |x|cosθ}
be a cone nontangential to the plane {x3 = 0} with vertex at the origin. Define
Γ+ = {x ∈ Γ : x3 > 0} and Γ− = {x ∈ Γ : x3 < 0}.
For (xˆ, ns) ∈ R2 × {ns}, let
Γ(xˆ, ns) = {y ∈ R3 : y− (xˆ, ns) ∈ Γ}.
Similarly, define
Γ+(xˆ, ns) = {y ∈ R3 : y− (xˆ, ns) ∈ Γ+}
and
Γ−(xˆ, ns) = {y ∈ R3 : y− (xˆ, ns) ∈ Γ−}.
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For a function u defined in Γ(xˆ, ns), define the nontangential limit (n.t.limit) of u(y) as y →
(xˆ, ns) by
n.t.limit
y→(xˆ,ns)
u(y) = lim
y→(xˆ,ns)
{u(y) : y ∈ Γ(xˆ, ns)},
provided the limit exists. Also we have the following definition of the nontangential maximal
function of u at (xˆ, ns), denoted by u∗(xˆ, ns) = u∗R,θ(xˆ, ns) for each n in {0, 1, · · · ,N}.
u∗(xˆ, ns) = sup{|u(y)| : y ∈ ΓR,θ(xˆ, ns)}.
By Theorem 3.2 in [9], Sn(gin) ∈W1,2loc (R3) ∩ C∞(R3 \Ωn) and tin(xˆ, ns) ∈W1,2loc (R2 × {ns}).
Throughout this paper, we let θ = π4 and R = 1. Also, let R0 be a fixed constant satisfying
R0 ≥ 2(diam Ω), (2.6)
where diam Ω is the diameter of Ω. It follows that the nontangential maximal functions of
Sn(gin) and ∇Sn(gin) are in L2loc(R2 × {ns}) and
‖(Sn(gin))∗‖L2(Ω×{ns})+ ‖(∇Sn(gin))∗‖L2(Ω×{ns}) ≤ C‖gin‖L2(Ω×{ns}) (2.7)
for some constant C depending only on R0. (This property of the constant C uses the fact
that Ω is a subset of a disk of radius R0 in R
2. See [9].) Also tin(xˆ, ns) and ∇ˆtin(xˆ, ns) are the
nontangential limits of Sn(gin) and ∇ˆSn(gin), respectively, pointwise a.e. in R2 × {ns} and in
L2loc(R
2 × {ns}), and we have
∇Sn(gin)(x) =
∫
R2
−c(x− (yˆ, ns))
|x− (yˆ, ns)|3 h
i
n(yˆ)dyˆ a.e. in R
3
and
(∇ˆtin)(xˆ, ns) = P.V.
∫
R2
−c(xˆ− yˆ)
|xˆ− yˆ|3 h
i
n(yˆ)dyˆ a.e. in R
2 × {ns},
where P.V. denotes the principal-valued integral. In addition, we have
‖tin‖L2(Ω) + ‖∇ˆtin‖L2(Ω) ≤ C‖hin‖L2(Ω) (2.8)
for some constant C depending only on R0.
The above representation formulas and properties of the single layer potential will be used
in Section 4 in our proof of the lower bound for the minimum Lawrence-Diniach energy.
We conclude this section with the following proposition concerning the minimum of the
energies GLǫ and Fǫ over bounded simply connected Lipschitz domains, which is a modifi-
cation of Proposition 3.4 in [21].
Proposition 2.1. Assume that Ω ⊂ R2 is a bounded simply connected Lipschitz domain. Let
X = {(v, b) ∈ H1(Ω;C)× H1loc(R2;R2) : (curl b− hex) ∈ L2(R2)}
and
XΩ = {(v, b) ∈ H1(Ω;C)× H1(Ω;R2)}.
Then we have
min
(v,b)∈X
GLǫ(v, b) = min
(v,b)∈XΩ
Fǫ(v, b).
Proof. Note that for any function (v, b) in X, we have (v, b|Ω) ∈ XΩ. From this and the
definitions of GLǫ and Fǫ, we obtain
min
(v,b)∈X
GLǫ(v, b) ≥ min
(v,b)∈XΩ
Fǫ(v, b).
Given a minimizer (v, b) ∈ XΩ of Fǫ, let φ solve ∆φ = H, where H = (curl b− hex) · χΩ ∈
L2(R2). We may take φ to be the Newtonian potential of H. By standard estimates for New-
tonian potentials, we have φ ∈ H2loc(R2). Define b˜ = (−∂2φ, ∂1φ) + (0, hexx1) ∈ H1loc(R2;R2).
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Direct calculations show that curl (b˜|Ω) = curl b in Ω, where b˜|Ω is the restriction of b˜ on
Ω. Therefore there exists f ∈ H2(Ω) such that b˜|Ω = b+∇ f in Ω. Define v˜ = vei f . Simple
calculations using the formula above for H and gauge invariance imply that
GLǫ(v˜, b˜) = Fǫ(v˜, b˜|Ω) = Fǫ(v, b) = min
(v,b)∈XΩ
Fǫ(v, b).
Hence min(v,b)∈XGLǫ(v, b) ≤ min(v,b)∈XΩ Fǫ(v, b) and equality must hold. 
3. Upper bound
From here on in the paper, we let C0 denote any constant that is independent of ǫ, s, Ω,
L, D, λ, and R0 for all ǫ and s sufficiently small. Recall that in our notation, Vˆ denotes
a two-dimensional vector V = (V1,V2) and ~W denotes a three-dimensional vector W =
(W1,W2,W3). Also ˆcurl Vˆ = ∂1V2 − ∂2V1. We will denote by ∇ˆ the operator (∂1, ∂2).
In this section we prove the upper bound on the minimum Lawrence-Doniach energy. The
main idea in the proof is to construct a test configuration with the induced magnetic field
∇× ~A identically equal to the appliedmagnetic field hex~e3, such that each un is a rescaling of a
function which minimizes a simplified two-dimensional Ginzburg-Landau energy introduced
by Kachmar [16]. For such a test configuration, its Lawrence-Doniach energy becomes N + 1
identical copies of a two-dimensional Ginzburg-Landau energy that was studied in detail
in [16]. Using the sharp upper bound estimate for this two-dimensional Ginzburg-Landau
energy, we are led to the sharp upper bound for the minimum Lawrence-Doniach energy.
Theorem 3.1. Assume | ln ǫ| ≪ hex ≪ 1ǫ2 as ǫ → 0. Let ({un}Nn=0, ~A) be a minimizer of G
ǫ,s
LD.
Then we have
Gǫ,sLD({un}Nn=0, ~A) ≤
|D|
2
hex(ln
1
ǫ
√
hex
)
(
1+ c(ǫ, s)
)
for all ǫ sufficiently small, where
c(ǫ, s) =
s
L
+ oǫ(1) = oǫ,s(1).
Proof. First we introduce some notation defined in [16]. Let K = (− 12 , 12 )× (− 12 , 12 ). We define
the following simplified two-dimensional Ginzburg-Landau energy
E2D(u) =
1
2
∫
K
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ,
where aˆ(xˆ) = 12 (−x2, x1), and the space
Ehex := {u ∈ H1loc(R2;C) : u(x1+ 1, x2) = eıhex
x2
2 u(x1, x2) and u(x1, x2+ 1) = e
−ıhex x12 u(x1, x2)}.
Let
mp(hex, ǫ) = inf{E2D(u) : u ∈ Ehex}.
By Theorem 2.2 in [16], for hex satisfying | ln ǫ| ≪ hex ≪ 1ǫ2 , we have
mp(hex, ǫ) =
hex
2
ln
1
ǫ
√
hex
(
1+ oǫ(1)
)
(3.1)
as ǫ→ 0.
Let u˜ ∈ Ehex be a minimizer of E2D. Let b = ǫ2hex and l = ( hex| ln ǫ| )
1
4 1√
hex
. It is easy to check,
using the assumption | ln ǫ| ≪ hex ≪ 1ǫ2 , that b ≪ 1, l ≪ 1 and l
√
hex ≫ 1. Define h˜ex = 1l2
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and ǫ˜ =
√
bl. It follows that | ln ǫ˜| ≪ h˜ex ≪ 1ǫ˜2 . Define u(xˆ) = u˜(l
√
hex xˆ). We construct a test
configuration ({vn}Nn=0,~B) for the Lawrence-Doniach energy Gǫ,sLD such that{
vn(xˆ) = u(xˆ) for all n = 0, 1, ...,N,
~B(x) = hex2 (−x2, x1, 0).
Since ∇× ~B = hex~e3 and B3 = 0, it is clear that
Gǫ,sLD({vn}Nn=0, ~B) = (N+ 1)
s
2
∫
Ω
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ. (3.2)
Let Kǫ = (− 12l√hex ,
1
2l
√
hex
)× (− 1
2l
√
hex
, 1
2l
√
hex
). The change of variable yˆ = l
√
hex xˆ yields
1
2
∫
Kǫ
[
|(∇ˆ − ıhex aˆ(xˆ))u(xˆ)|2 + 1
2ǫ2
(1− |u(xˆ)|2)2
]
dxˆ
=
1
2
∫
K
[
|(∇ˆ − ıh˜ex aˆ(yˆ))u˜(yˆ)|2 + 1
2ǫ˜2
(1− |u˜(yˆ)|2)2
]
dyˆ.
Using the fact that u˜ ∈ Ehex is a minimizer of E2D and (3.1), we have
1
2
∫
Kǫ
[
|(∇ˆ − ıhex aˆ(xˆ))u(xˆ)|2 + 1
2ǫ2
(1− |u(xˆ)|2)2
]
dxˆ =
h˜ex
2
ln
1
ǫ˜
√
h˜ex
(
1+ oǫ˜(1)
)
(3.3)
as ǫ→ 0.
Let Lǫ be the lattice in R
2 generated by Kǫ. Let {Ki} be the collection of squares formed by
the lattice Lǫ such that Ki ∩Ω 6= ∅ and Ω ⊂
⋃
i Ki. Simple calculations using the definitions
of the space Ehex and the function u yield that
1
2
∫
Ki
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ =
1
2
∫
Kǫ
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ.
Therefore we have
1
2
∫
Ω
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ
≤ ∑
i
1
2
∫
Ki
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ
=
∑
i
|Ki|
|Kǫ|
1
2
∫
Kǫ
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ.
(3.4)
Since ∑
i
|Ki| = |Ω|(1+ oǫ(1)) as ǫ→ 0, we deduce from (3.4) and (3.3) that
1
2
∫
Ω
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ ≤ |Ω||Kǫ|
h˜ex
2
ln
1
ǫ˜
√
h˜ex
(
1+ oǫ(1)
)
.
Using |Kǫ| = 1l2hex , h˜ex =
1
l2
and ǫ˜ =
√
bl, we conclude that
1
2
∫
Ω
[
|(∇ˆ − ıhex aˆ)u|2 + 1
2ǫ2
(1− |u|2)2
]
dxˆ ≤ |Ω|
2
hex ln
1
ǫ
√
hex
(
1+ oǫ(1)
)
. (3.5)
Combining (3.2) with (3.5) we obtain
Gǫ,sLD({vn}Nn=0, ~B) ≤
|D|
2
hex ln
1
ǫ
√
hex
(
1+ oǫ(1) +
s
L
)
.

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4. An a priori estimate
In this section we prove the inequality (1.7) for the magnetic potential ~A. (See Theorem
4.3.) Throughout this section, we assume only that hex > 0, ǫ > 0 and ({un}Nn=0, ~A) ∈
[H1(Ω;C)]N+1× K is a minimizer of the Lawrence-Doniach energy Gǫ,sLD = Gǫ,s,λLD . Recall that
λ > 0 is assumed to be fixed but arbitrary throughout this paper.
First note that since ~a(x) = 12 (−x2, x1, 0) is independent of x3, we have
Aˆ(xˆ, x3)− Aˆn(xˆ) =
(
Aˆ(xˆ, x3)− hex aˆ(xˆ, x3)
)− (Aˆn(xˆ)− hex aˆn(xˆ))
for (xˆ, x3) in Ω× [ns, (n+ 1)s). Therefore
ˆcurlAˆ(xˆ, x3)− ˆcurlAˆn(xˆ) = ˆcurl(Aˆ− hex aˆ)(xˆ, x3)− ˆcurl(Aˆn − hex aˆn)(xˆ)
=
∂
∂x1
(
(A2 − hexa2)(xˆ, x3)− (A2n − hexa2n)(xˆ)
)
− ∂
∂x2
(
(A1 − hexa1)(xˆ, x3)− (A1n − hexa1n)(xˆ)
)
and it follows from this, (2.4) and (2.5) and the regularity results described in Section 2 that
ˆcurlAˆ(xˆ, x3)− ˆcurlAˆn(xˆ)
=


N
∑
k=0
k 6=n
∂
∂x1
(Sk(g
2
k)
(
xˆ, x3)− Sk(g2k)(xˆ, ns)
)
+
∂
∂x1
(
Sn(g
2
n)(xˆ, x3)− t2n(xˆ, ns)
)

−


N
∑
k=0
k 6=n
∂
∂x2
(
Sk(g
1
k)(xˆ, x3)− Sk(g1k)(xˆ, ns)
)
+
∂
∂x2
(
Sn(g
1
n)(xˆ, x3)− t1n(xˆ, ns)
)

(4.1)
in L2loc(R
3), where hik(xˆ) = s(∂iuk − ıAikuk,−ıuk)χΩ(xˆ) and gik(x) = χΩ×{ks}(x)hik(xˆ) for
i = 1, 2.
Lemma 4.1. Assume that hex > 0 and ǫ > 0 (with no assumption on their relative values). Let
({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1 × K be a minimizer of Gǫ,sLD. We have
1
2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆ(xˆ, x3)− ˆcurlAˆn(xˆ)|2dxˆdx3 ≤ E1 + E2, (4.2)
where
E1 =
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
∣∣ N∑
k=0
k 6=n
∂
∂x1
(
Sk(g
2
k)(xˆ, x3)− Sk(g2k)(xˆ, ns)
)
+
∂
∂x1
(
Sn(g
2
n)(xˆ, x3)− t2n(xˆ, ns)
)∣∣2dxˆdx3
and
E2 =
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
∣∣ N∑
k=0
k 6=n
∂
∂x2
(
Sk(g
1
k)(xˆ, x3)− Sk(g1k)(xˆ, ns)
)
+
∂
∂x2
(
Sn(g
1
n)(xˆ, x3)− t1n(xˆ, ns)
)∣∣2dxˆdx3.
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Proof. Since |uk| ≤ 1 a.e. in Ω (see [9]), we have
|hik| ≤ s|∂iuk − ıAikuk|
and
‖gik‖2L2(Ω×{ks}) = ‖hik‖2L2(Ω) ≤ s2‖∂iuk − ıAikuk‖2L2(Ω).
Applying the elementary inequality (a− b)2 ≤ 2a2 + 2b2 to the representation formula for
ˆcurlAˆ(xˆ, x3)− ˆcurlAˆn(xˆ) in (4.1) and taking the sum of the integrals, we obtain (4.2). 
Lemma 4.2. Under the assumptions of Lemma 4.1, there is a constant C depending only on R0
(defined in (2.6)) and L such that for all s sufficiently small (independent of ǫ), we have
E1 ≤ (N + 1)
N
∑
k=0
Cs
2
7 ‖h2k‖2L2(Ω)
and
E2 ≤ (N + 1)
N
∑
k=0
Cs
2
7 ‖h1k‖2L2(Ω).
Proof. In the following we analyze E1 and the analysis for E2 will be similar. First define
∆n,k(xˆ, x3) =
∂
∂x1
[Sk(g
2
k)(xˆ, x3)− Sk(g2k)(xˆ, ns)]
for n 6= k and
∆n,n(xˆ, x3) =
∂
∂x1
[Sn(g
2
n)(xˆ, x3)− t2n(xˆ, ns)].
Note that for n 6= k, ∆n,k is C∞ in R3 \Ωk since it is harmonic there. By the Cauchy-Schwartz
inequality,
E1 ≤ (N + 1)
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
N
∑
k=0
|∆n,k(xˆ, x3)|2dxˆdx3
= (N + 1)
N
∑
k=0
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
|∆n,k(xˆ, x3)|2dxˆdx3.
(4.3)
Let 12 < α < 1 be a constant to be chosen later. For every k fixed in {0, 1, ...,N}, we write
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
|∆n,k(xˆ, x3)|2dxˆdx3 = E1,k + E˜1,k, (4.4)
where
E1,k = ∑
|n−k|≤s−α
∫ (n+1)s
ns
∫
Ω
|∆n,k(xˆ, x3)|2dxˆdx3
and
E˜1,k = ∑
|n−k|>s−α
∫ (n+1)s
ns
∫
Ω
|∆n,k(xˆ, x3)|2dxˆdx3.
The sums above are taken over n in the indicated subsets of {0, 1, ...,N − 1}. If |n− k| ≤ s−α,
we have |ns − ks| ≤ s1−α → 0 as s → 0. Therefore, for s sufficiently small and for each
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n 6= k in {0, 1, ...,N − 1} satisfying |n − k| ≤ s−α, the following holds for any (xˆ, x3) ∈
Ω× [ns, (n+ 1)s):
|∆n,k(xˆ, x3)| ≤ | ∂∂x1 [Sk(g
2
k)(xˆ, x3)]|+ |
∂
∂x1
[Sk(g
2
k)(xˆ, ns)]|
≤ 2[ ∂
∂x1
Sk(g
2
k)]
∗(xˆ, ks)
and thus ∫ (n+1)s
ns
∫
Ω
|∆n,k(xˆ, x3)|2dxˆdx3 ≤ 4s‖[ ∂∂x1 Sk(g
2
k)]
∗(xˆ, ks)‖2L2(Ω×{ks}),
where from Section 2, [ ∂∂x1 Sk(g
2
k)]
∗(xˆ, ks) is the nontangential maximal function of the tan-
gential derivative ∂∂x1
Sk(g
2
k) at the point (xˆ, ks) on the kth layer Ωk. By (2.7) we have
‖[ ∂
∂x1
Sk(g
2
k)]
∗‖2L2(Ω×{ks}) ≤ C‖g2k‖2L2(Ω×{ks}) ≤ Cs2‖∂2uk − ıA2kuk‖2L2(Ω),
where C is a constant depending only on R0. For n = k, we know from (2.8) that
‖∇ˆt2k‖L2(Ω) ≤ C‖g2k‖L2(Ω×{ks}).
Hence
E1,k ≤ ∑
|n−k|≤s−α
4sC‖g2k‖2L2(Ω×{ks}) ≤ C · s−α · s‖g2k‖2L2(Ω×{ks})
=C · s1−α‖g2k‖2L2(Ω×{ks})
(4.5)
for all s sufficiently small and some constant C depending only on R0.
In order to estimate E˜1,k, consider n in {0, 1, ...,N − 1} such that |n− k| > s−α. Recall that
Sk(g
i
k) is harmonic in R
3 \ Ωk. Without loss of generality, we may assume k + s−α < n ≤
N − 1. (The analysis for 0 ≤ n < k− s−α is similar.) Let DU = {(xˆ, x3) ∈ D : x3 ≥ ks+ s1−α}.
Then it is clear that Ω × [ns, (n+ 1)s] ⊂ DU for every n satisfying the above assumptions.
Take some bounded smooth domain Dk ⊂ {(xˆ, x3) ∈ R3 : x3 > ks + s1−α2 } in R3 such that
Ω× {ks+ s1−α2 } is a flat portion of the boundary of Dk, DU ⊂ Dk and dist(DU, ∂Dk) ≥ s
1−α
2 .
Then Sk(g
i
k) is harmonic in Dk and for each x ∈ Dk, it follows from (2.3) and Ho¨lder’s
inequality that
|Sk(gik)(x)| =|
∫
Ω
c
|x− (yˆ, ks)|h
i
k(yˆ)dyˆ|
≤ 1
4π
∫
Ω
1
|x3 − ks| · |h
i
k(yˆ)|dyˆ
≤ 1
4π
∫
Ω
2
s1−α
· |hik(yˆ)|dyˆ ≤
C0
s1−α
|Ω| 12 ‖hik‖L2(Ω),
and therefore sup
Dk
|Sk(gik)| ≤ C0s1−α |Ω|
1
2 ‖hik‖L2(Ω). For (xˆ, x3) ∈ Ω × [ns, (n + 1)s], we have
(since (xˆ, x3) ∈ Ω× [ns, (n+ 1)s] ⊂⊂ R3 \Ωk and ∆n,k is harmonic in R3 \Ωk)
|∆n,k(xˆ, x3)| ≤ sup
Ω×[ns,(n+1)s]
| ∂
2
∂x1∂x3
Sk(g
2
k)| · |x3 − ns|
≤s · sup
DU
| ∂
2
∂x1∂x3
Sk(g
2
k)|.
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By Theorem 2.10 in [12] and the fact that dist(DU, ∂Dk) ≥ s1−α2 , we have
sup
DU
| ∂
2
∂x1∂x3
Sk(g
2
k)| ≤ (
12
s1−α
)2 sup
Dk
|Sk(g2k)| ≤
C0
s3−3α
|Ω| 12 ‖h2k‖L2(Ω).
Hence we obtain
|∆n,k(xˆ, x3)| ≤ C0s3α−2|Ω|
1
2 ‖h2k‖L2(Ω)
and therefore∫
Ω
|∆n,k(xˆ, x3)|2dxˆ ≤ C0s6α−4|Ω| · ‖h2k‖2L2(Ω) · |Ω| = C0|Ω|2s6α−4‖h2k‖2L2(Ω).
To get the best rate of convergence in s as s→ 0, we may take α = 57 so that 1− α = 6α− 4 =
2
7 . The above estimate then becomes∫
Ω
|∆n,k(xˆ, x3)|2dxˆ ≤ C0|Ω|2s
2
7 ‖h2k‖2L2(Ω).
Integrating over [ns, (n + 1)s] and observing that the cardinality of the indices for the
summation on n in E˜1,k is less than N and Ns = L is fixed, we obtain
E˜1,k ≤ L · C0|Ω|2s
2
7 ‖h2k‖2L2(Ω) ≤ Cs
2
7 ‖h2k‖2L2(Ω) (4.6)
for some constant C depending only on R0 and L. Combining (4.3), (4.4), (4.5) and (4.6) yields
E1 ≤ (N + 1)
N
∑
k=0
Cs
2
7 ‖h2k‖2L2(Ω).
Similarly we have
E2 ≤ (N + 1)
N
∑
k=0
Cs
2
7 ‖h1k‖2L2(Ω).

Theorem 4.3. Under the assumptions of Lemma 4.1, we have
1
2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆ(xˆ, x3)− ˆcurlAˆn(xˆ)|2dxˆdx3 ≤ Cs
2
7Gǫ,sLD({un}Nn=0, ~A)
for all s sufficiently small (independent of ǫ) and some constant C depending only on R0 and L.
Proof. First note that
N
∑
k=0
(‖h1k‖2L2(Ω) + ‖h2k‖2L2(Ω))
≤ s2
N
∑
k=0
(‖∂1uk − ıA1kuk‖2L2(Ω) + ‖∂2uk − ıA2kuk‖2L2(Ω))
= s2
N
∑
k=0
‖∇ˆAˆkuk‖
2
L2(Ω).
Since s2
N
∑
k=0
‖∇ˆAˆkuk‖
2
L2(Ω)
is part of the Lawrence-Doniach energy, it is clear that
N
∑
k=0
(‖h1k‖2L2(Ω) + ‖h2k‖2L2(Ω)) ≤ 2sGǫ,sLD({un}Nn=0, ~A). (4.7)
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Hence, it follows from Lemmas 4.1, 4.2 and (4.7) that
1
2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆ(xˆ, x3)− ˆcurlAˆn(xˆ)|2dxˆdx3 ≤ E1 + E2
≤(N + 1)Cs 27
N
∑
k=0
(‖h1k‖2L2(Ω) + ‖h2k‖2L2(Ω))
≤(N + 1)Cs 27 · 2sGǫ,sLD({un}Nn=0, ~A) ≤ Cs
2
7Gǫ,sLD({un}Nn=0, ~A)
for all ǫ sufficiently small and some constant C depending only on R0 and L. 
Remark 4.4. By a trivial modification of the proofs of Lemmas 4.1 and 4.2, it is clear that under the
assumptions of Lemma 4.1, we have that for i ∈ {1, 2}, j ∈ {1, 2}, and C as above,
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
∣∣ ∂
∂xj
(
Ai(xˆ, x3)− Ain(xˆ)
) ∣∣2dxˆdx3
≤(N + 1)
N
∑
k=0
Cs
2
7 ‖hik‖2L2(Ω)
(4.8)
for all s sufficiently small. Therefore, summing in (4.8) over all i and j in {1, 2} and using (4.7), we
obtain
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
∣∣∇ˆ(Aˆ(xˆ, x3)− Aˆn(xˆ))∣∣2dxˆdx3 ≤ Cs 27Gǫ,sLD({un}Nn=0, ~A)
for C as in Theorem 4.3.
5. Lower bound
Theorem 4.3 provides the main step in our proof of the lower bound on the minimal
Lawrence-Doniach energy. This relies on approximating the energy of the magnetic term
| ˆcurlAˆ − hex|2 by the sum of its traces | ˆcurlAˆn − hex|2 on the layers Ω × {ns} in the thin
domains Ω × [ns, (n+ 1)s). Theorem 4.3 indicates that the error from this approximation is
indeed of a lower order compared to the leading order term of the total energy.
Theorem 5.1. Assume | ln ǫ| ≪ hex ≪ 1ǫ2 as ǫ→ 0. Let ({un}Nn=0, ~A) ∈ [H1(Ω;C)]N+1 × K be a
minimizer of Gǫ,sLD. Then we have
Gǫ,sLD({un}Nn=0, ~A) ≥
|D|
2
hex(ln
1
ǫ
√
hex
)
(
1− oǫ(1)− Cs 17
)
for all ǫ and s sufficiently small, where C is a constant depending only on R0 and L.
Proof. By dropping the nonnegative Josephson coupling term and the square of the L2 norm
of the first two components of ∇× ~A− hex~e3, it is clear that
Gǫ,sLD({un}Nn=0, ~A) ≥ s
N
∑
n=0
∫
Ω
[
1
2
|∇ˆAˆnun|2 +
1
4ǫ2
(1− |un|2)2
]
dxˆ
+
1
2
∫
R3
( ˆcurlAˆ− hex)2dx.
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Then
1
2
∫
R3
(
ˆcurlAˆ(x)− hex
)2
dx ≥ 1
2
∫
D
(
ˆcurlAˆ(x)− hex
)2
dx
=
1
2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
(
ˆcurlAˆ(xˆ, x3)− hex
)2
dxˆdx3
=
1
2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
[
ˆcurl
(
Aˆ(xˆ, x3)− Aˆn(xˆ)
)
+
(
ˆcurlAˆn(xˆ)− hex
)]2
dxˆdx3.
Applying the elementary inequality (a+ b)2 ≥ a2 − 2|a| · |b| yields
1
2
∫
D
( ˆcurlAˆ− hex)2dx ≥ 1
2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
( ˆcurlAˆn − hex)2dxˆdx3
−
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurl(Aˆ− Aˆn)| · | ˆcurlAˆn − hex|dxˆdx3.
(5.1)
Therefore
Gǫ,sLD({un}Nn=0, ~A)
≥s
N−1
∑
n=0
∫
Ω
[
1
2
|∇ˆAˆnun|2 +
1
4ǫ2
(1− |un|2)2
]
dxˆ+
1
2
∫
D
( ˆcurlAˆ− hex)2dx
≥s
N−1
∑
n=0
{∫
Ω
[
1
2
|∇ˆAˆnun|2 +
1
4ǫ2
(1− |un|2)2
]
dxˆ+
1
2
∫
Ω
( ˆcurlAˆn − hex)2dxˆ
}
−
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurl(Aˆ− Aˆn)| · | ˆcurlAˆn − hex|dxˆdx3.
(5.2)
It was proved in [9] that un ∈ H1(Ω;C) and Aˆn ∈ H1loc(R2;R2) for all n = 0, 1, ...,N −
1. Therefore each pair (un, Aˆn) is in the admissible set for the minimization of the two-
dimensional Ginzburg-Landau energy Fǫ, and by Theorem 8.1 proved by Sandier and Serfaty
in [21] we have, for each n = 0, 1, ...,N − 1,∫
Ω
[1
2
|∇ˆAˆnun|2+
1
4ǫ2
(1− |un|2)2
]
dxˆ+
1
2
∫
Ω
( ˆcurlAˆn − hex)2dxˆ
≥ |Ω|
2
hex ln
1
ǫ
√
hex
(1− oǫ(1))
(5.3)
as ǫ→ 0. (The proof in [21] is for smooth domains, but the estimate (5.3) follows by approx-
imating the Lipschitz domain Ω with an appropriate sequence of smooth domains.) Using
the Cauchy-Schwartz inequality and Ho¨lder’s inequality, we obtain
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurl(Aˆ− Aˆn)| · | ˆcurlAˆn − hex|dxˆdx3
≤
(
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurl(Aˆ− Aˆn)|2dxˆdx3
) 1
2
·
(
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆn − hex|2dxˆdx3
) 1
2
.
(5.4)
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Since ˆcurlAˆn − hex = ( ˆcurl(Aˆn − Aˆ)) + ( ˆcurlAˆ− hex), using the elementary inequality (a+
b)2 ≤ 2a2 + 2b2 yields
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆn − hex|2dxˆdx3
≤2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurl(Aˆn − Aˆ)|2dxˆdx3 + 2
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆ− hex|2dxˆdx3.
As a result of this, Theorem 4.3 and Theorem 3.1, we have
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆn − hex|2dxˆdx3 ≤ oǫ,s(1)Mǫ + 4 ·Mǫ(1+ oǫ,s(1)) ≤ C0 ·Mǫ (5.5)
for all ǫ and s sufficiently small. By (5.4), Theorem 4.3 and (5.5), we obtain
N−1
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurl(Aˆ− Aˆn)| · | ˆcurlAˆn − hex|dxˆdx3
≤(Cs 27 Mǫ) 12 · (C0Mǫ)
1
2 ≤ Cs 17 Mǫ
(5.6)
for some constants C depending only on R0 and L for all ǫ and s sufficiently small. By (5.1),
(5.3), (5.6) and the definition of Mǫ, i.e., Mǫ =
|D|
2 hex ln
1
ǫ
√
hex
, we conclude that
Gǫ,sLD({un}Nn=0, ~A) ≥ sN ·
|Ω|
2
hex ln
1
ǫ
√
hex
(1− oǫ(1))− Cs 17 |D|
2
hex ln
1
ǫ
√
hex
=
|D|
2
hex ln
1
ǫ
√
hex
(1− oǫ(1))− Cs 17 |D|
2
hex ln
1
ǫ
√
hex
=
|D|
2
hex ln
1
ǫ
√
hex
(1− oǫ(1)− Cs 17 )
for all ǫ and s sufficiently small and some constant C depending only on R0 and L. This
proves the theorem. 
By combining Theorems 3.1 and 5.1 we obtain Theorem 1. Next we prove Theorem 2:
Proof of Theorem 2. By (5.2), (5.3), and (5.6), we see that the leading term in our lower bound
of the minimum Lawrence-Doniach energy comes from two terms, since
Gǫ,sLD({un}Nn=0, ~A) ≥s
N
∑
n=0
∫
Ω
[
1
2
|∇ˆAˆnun|2 +
1
4ǫ2
(1− |un|2)2
]
dxˆ
+
1
2
∫
D
( ˆcurlAˆ− hex)2dx
≥|D|
2
hex ln
1
ǫ
√
hex
(1− oǫ(1)− Cs 17 )
(5.7)
for some constant C depending only on R0 and L and for all ǫ and s sufficiently small. As a
result of (5.7) and Theorem 3.1, we conclude that
s
N−1
∑
n=0
∫
Ω
1
2λ2s2
|un+1 − uneı
∫ (n+1)s
ns A
3dx3|2dxˆ+ 1
2
∫
R3\D
|∇ × ~A− hex~e3|2dx
+
1
2
∫
D
[(
∂A3
∂x2
− ∂A
2
∂x3
)2 + (
∂A1
∂x3
− ∂A
3
∂x1
)2]dx ≤ oǫ,s(1)Mǫ.
This proves Theorem 2. 
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Corollary 5.2. Under the assumptions of Theorem 2, we have
∣∣Gǫ,sLD({un}Nn=0, ~A)− N−1∑
n=0
sFǫ(un, Aˆn)
∣∣ ≤ oǫ,s(1)Mǫ
for all ǫ and s sufficiently small.
Proof. By (5.2) and (5.6), we have
Gǫ,sLD({un}Nn=0, ~A) ≥
( N−1
∑
n=0
sFǫ(un, Aˆn)
)− Cs1/7Mǫ
for all ǫ and s sufficiently small where C depends only on R0 and L. By the Cauchy-Schwartz
inequality, Theorem 4.3, Theorem 3.1 and (5.5), we have∣∣∣∣∣12
∫
D
| ˆcurlAˆ− hex|2dx−
N−1
∑
n=0
s
2
∫
Ω
| ˆcurlAˆn − hex|2dxˆ
∣∣∣∣∣ ≤ Cs 17 Mǫ
for some constant C depending only on R0 and L and all ǫ and s sufficiently small. Combining
this with Theorem 2 and the definition of Gǫ,sLD, we obtain
∣∣Gǫ,sLD({un}Nn=0, ~A)− N−1∑
n=0
sFǫ(un, Aˆn)
∣∣ ≤ [Cs 17 + oǫ(1)]Mǫ.

Finally we prove Theorem 3.
Theorem 5.3. Under the assumptions of Theorem 1, we have
1
N + 1
N
∑
n=0
∫
Ω
(1− |un|2)2dxˆ+ 1
2
∫
R3
|∇ ×
~A
hex
−~e3|2dx→ 0 (5.8)
and
1
N + 1
N
∑
n=0
µn
hex
→ dxˆ in H−1(Ω) (5.9)
as (ǫ, s) → (0, 0), where dxˆ is the two-dimensional Lebesgue measure and µn is the vorticity on the
nth layer defined as
µn = ˆcurl(ıun, ∇ˆAˆnun) + ˆcurlAˆn.
Proof. It follows immediately from Theorem 3.1 that the first integral in (5.8) is bounded
above by 4Lǫ
2Mǫ[1+
s
L + oǫ(1)] and the second integral is bounded above by |D| 1hex ln( 1ǫ√hex )[1+
s
L + oǫ(1)]. By our assumption, | ln ǫ| ≪ hex ≪ 1ǫ2 and recall that sL ≤ 1. Hence both of these
terms converge to zero as ǫ tends to zero.
By the regularity results proved by Bauman and Ko in [9], we know that (ıun, ∇ˆAˆnun) ∈
L2(Ω;R2) and Aˆn ∈ H1(Ω;R2). Thus
µn = ˆcurl(ıun, ∇ˆAˆnun) + ˆcurlAˆn ∈ H−1(Ω),
and since |un| ≤ 1, we have
‖µn − hex‖2H−1(Ω) ≤ ‖∇ˆAˆnun‖2L2(Ω) + ‖ ˆcurlAˆn − hex‖2L2(Ω).
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Therefore, by Theorem 3.1 and (5.5), we get
s
N
∑
n=0
‖µn − hex‖2H−1(Ω) ≤ s
N
∑
n=0
‖∇ˆAˆnun‖2L2(Ω) + s
N
∑
n=0
‖ ˆcurlAˆn − hex‖2L2(Ω)
= s
N
∑
n=0
‖∇ˆAˆnun‖2L2(Ω) +
N
∑
n=0
∫ (n+1)s
ns
∫
Ω
| ˆcurlAˆn − hex|2dxˆdx3
≤ 2Mǫ(1+ oǫ,s(1)) + C0Mǫ ≤ C0Mǫ.
This implies that
s
N
∑
n=0
‖ µn
hex
− dxˆ‖2
H−1(Ω) ≤
C0Mǫ
h2ex
→ 0 (5.10)
as (ǫ, s)→ (0, 0). Note that
‖ 1
N + 1
N
∑
n=0
µn
hex
− dxˆ‖2
H−1(Ω) =‖
1
N + 1
N
∑
n=0
(
µn
hex
− dxˆ)‖2
H−1(Ω)
=
1
(N+ 1)2
‖
N
∑
n=0
(
µn
hex
− dxˆ)‖2
H−1(Ω).
By the Cauchy-Schwartz inequality and (5.10), we obtain
‖ 1
N + 1
N
∑
n=0
µn
hex
− dxˆ‖2
H−1(Ω) ≤
N + 1
(N + 1)2
N
∑
n=0
‖ µn
hex
− dxˆ‖2
H−1(Ω)
=
1
s(N + 1)
· s
N
∑
n=0
‖ µn
hex
− dxˆ‖2
H−1(Ω) → 0
as (ǫ, s) → (0, 0), since sN = L is the height of the domain D which is fixed. This proves
(5.9). 
6. Comparison results
In this section we give the proof of Corollary 1. It should be pointed out again that a
result similar to the estimate (1.10) has been obtained by Kachmar [16] for the standard
three-dimensional Ginzburg-Landau model. In particular, the minimum energy for the stan-
dard three-dimensional Ginzburg-Landau model with hex in the regime as in Theorem 1
follows the same asymptotic formula as obtained in Theorem 1. By analogy, it should not be
surprising that the estimate (1.10) also holds for the three-dimensional anisotropic Ginzburg-
Landau model, and hence (1.9) follows naturally. However, the main point of this section
is to use our results on the Lawrence-Doniach model and the connections between this
model and the three-dimensional anisotropic Ginzburg-Landau model to give an alternate
approach to proving the asymptotic formula for the minimum energy of the latter. Namely,
we first derive the comparison result (1.9) using our Theorem 1 and a result of Chapman, Du
and Gunzburger on the connections between the Lawrence-Doniach model and the three-
dimensional anisotropic Ginzburg-Landau model. As a result, the estimate (1.10) follows
immediately from (1.9) and Theorem 1. Our Corollary 1 thus generalizes the result in [16] to
the anisotropic case through a different approach.
Recall the definition of the anisotropic Ginzburg-Landau energy Gǫ,λAGL given in (1.8) in the
introduction. Throughout this section, we set Gǫ,s,λLD = Gǫ,sLD as in the introduction. Direct
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calculations show that Gǫ,λAGL is invariant under the gauge transformation{
ξ(x) = ψ(x)eıg(x) in Ω,
~B = ~A+∇g in R3
for some g ∈ H2loc(R3). Recall the rescaling formulas (2.2) for the anisotropic Ginzburg-
Landau energies, from which we may translate estimates from [10] to our scaling. As pointed
out in [9], every minimizer (ψ, ~A) ∈ H1(D;C)× E of Gǫ,λAGL is gauge equivalent to another
pair in H1(D;C)× K, where the spaces E and K are defined in (1.2) and (1.4) respectively.
The space H1(D;C)× K fixes a “Coulomb gauge” for (ψ, ~A) as in the study of the Lawrence-
Doniach energy.
By Corollary 5.6 proved by Chapman, Du, and Gunzburger in [10], for any fixed κ, λ and
τ > 0 and any fixed applied magnetic field ~H = τ~e3, letting ({φsn}Nn=0, ~Vsld) and (ψem, ~Aem) be
minimizers of Gκ,s,λld |~H=τ~e3 and G
κ,λ
em |~H=τ~e3 respectively, we have
lim
s→0
Gκ,s,λld ({φsn}Nn=0, ~Vsld)|~H=τ~e3 = G
κ,λ
em (ψem, ~Aem)|~H=τ~e3. (6.1)
Using the rescaling formulas (2.1) and (2.2) for Gκ,s,λld and Gǫ,s,λLD and for Gκ,λem and Gǫ,λAGL, re-
spectively, the relation κ = 1ǫ , and (6.1) with τ =
1
κ hex = ǫhex, we obtain
lim
s→0
2ǫ2Gǫ,s,λLD ({usn}Nn=0, ~As)|~H=τκ~e3 = 2ǫ
2Gǫ,λAGL(ζ,~B)|~H=τκ~e3 ,
and hence
lim
s→0
Gǫ,s,λLD ({usn}Nn=0, ~As) = Gǫ,λAGL(ζ,~B) (6.2)
for any fixed ǫ, λ, and hex > 0, where ({usn}Nn=0, ~As) and (ζ,~B) are minimizers of Gǫ,s,λLD and
Gǫ,λAGL in an applied magnetic field ~H = hex~e3, respectively. Using the convergence result (6.2)
and Theorem 1, we now show:
Lemma 6.1. Assume | ln ǫ| ≪ hex ≪ ǫ−2 as ǫ→ 0 and λ > 0. Then
|minGǫ,s,λLD −minGǫ,λAGL| ≤ oǫ,s(1)Mǫ
as (ǫ, s)→ (0, 0), where recall that Mǫ = |D|2 hex ln 1ǫ√hex .
Proof. If not, for some λ > 0, there exists a sequence {(ǫn, sn)} in R+ × R+ converging to
(0, 0) and a constant η0 > 0 such that
|min Gǫn ,sn,λLD −minGǫn ,λAGL| ≥ 2η0Mǫn
for all n. By (6.2), for each n there exists a positive constant s˜n < ǫn such that
|min Gǫn ,s˜n,λLD −min Gǫn ,λAGL| < ǫnMǫn
and hence
|minGǫn ,s˜n,λLD −minGǫn ,sn,λLD | ≥ η0Mǫn
for all n sufficiently large. Since {(ǫn, sn)} and {(ǫn, s˜n)} both converge to (0, 0) as n → ∞,
this contradicts Theorem 1. 
Combining Lemma 6.1 and Theorem 1, we obtain:
Corollary 6.2. Assume | ln ǫ| ≪ hex ≪ ǫ−2 as ǫ→ 0 and λ > 0. Let (ζǫ,~Bǫ) ∈ H1(D;C)× E be
a minimizer of Gǫ,λAGL. We have
|Gǫ,λAGL(ζǫ,~Bǫ)−
|D|
2
hex ln
1
ǫ
√
hex
| ≤ oǫ(1) |D|
2
hex ln
1
ǫ
√
hex
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as ǫ→ 0.
Corollary 1 now follows from Lemma 6.1 and Corollary 6.2.
References
[1] S. Alama, A. J. Berlinsky, and L. Bronsard, Minimizers of the Lawrence-Doniach energy in the small-coupling limit:
finite width samples in a parallel field, Ann. Inst. H. Poincare´ Anal. Non Line´aire 19 (2002), no. 3, 281–312, DOI
10.1016/S0294-1449(01)00081-6 (English, with English and French summaries). MR1956952
[2] S. Alama, L. Bronsard, and A. J. Berlinsky, Periodic vortex lattices for the Lawrence-Doniach model of layered super-
conductors in a parallel field, Commun. Contemp. Math. 3 (2001), no. 3, 457–494, DOI 10.1142/S0219199701000457.
MR1849651
[3] S. Alama, L. Bronsard, and E. Sandier, On the shape of interlayer vortices in the Lawrence-Doniach model, Trans.
Amer. Math. Soc. 360 (2008), no. 1, 1–34, DOI 10.1090/S0002-9947-07-04188-8. MR2341992
[4] , On the Lawrence-Doniach model of superconductivity: magnetic fields parallel to the axes, J. Eur. Math. Soc.
(JEMS) 14 (2012), no. 6, 1825–1857, DOI 10.4171/JEMS/348. MR2984589
[5] , Minimizers of the Lawrence-Doniach functional with oblique magnetic fields, Comm. Math. Phys. 310 (2012),
no. 1, 237–266, DOI 10.1007/s00220-011-1399-2. MR2885619
[6] G. Alberti, S. Baldo, and G. Orlandi, Variational convergence for functionals of Ginzburg-Landau type, Indiana Univ.
Math. J. 54 (2005), no. 5, 1411–1472, DOI 10.1512/iumj.2005.54.2601. MR2177107
[7] S. Baldo, R. L. Jerrard, G. Orlandi, and H. M. Soner, Convergence of Ginzburg-Landau functionals in three-
dimensional superconductivity, Arch. Ration. Mech. Anal. 205 (2012), no. 3, 699–752, DOI 10.1007/s00205-012-
0527-2. MR2960031
[8] , Vortex density models for superconductivity and superfluidity, Comm. Math. Phys. 318 (2013), no. 1, 131–171,
DOI 10.1007/s00220-012-1629-2. MR3017066
[9] P. Bauman and Y. Ko, Analysis of solutions to the Lawrence-Doniach system for layered superconductors, SIAM J. Math.
Anal. 37 (2005), no. 3, 914–940, DOI 10.1137/S0036141004444597. MR2191782
[10] S. J. Chapman, Q. Du, and M. D. Gunzburger, On the Lawrence-Doniach and anisotropic Ginzburg-Landau models
for layered superconductors, SIAM J. Appl. Math. 55 (1995), no. 1, 156–174, DOI 10.1137/S0036139993256837.
MR1313011
[11] E. B. Fabes, M. Jodeit Jr., and N. M. Rivie`re, Potential techniques for boundary value problems on C1-domains, Acta
Math. 141 (1978), no. 3-4, 165–186, DOI 10.1007/BF02545747. MR501367
[12] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Classics in Mathematics,
Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition. MR1814364
[13] T. Giorgi and D. Phillips, The breakdown of superconductivity due to strong fields for the Ginzburg-Landau model,
SIAM Rev. 44 (2002), no. 2, 237–256, DOI 10.1137/S003614450139951. Reprinted from SIAM J. Math. Anal. 30
(1999), no. 2, 341–359 [MR 2002b:35235]. MR1926099
[14] Y. Iye, How anisotropic are the cuprate high Tc superconductors?, Comments Cond. Mat. Phys. 16 (1992), 89–111.
[15] R. L. Jerrard and H. M. Soner, Limiting behavior of the Ginzburg-Landau functional, J. Funct. Anal. 192 (2002), no. 2,
524–561, DOI 10.1006/jfan.2001.3906. MR1923413
[16] A. Kachmar, The ground state energy of the three-dimensional Ginzburg-Landau model in the mixed phase, J. Funct.
Anal. 261 (2011), no. 11, 3328–3344, DOI 10.1016/j.jfa.2011.08.002. MR2836000
[17] G. Peng, Convergence of the Lawrence-Doniach energy for layered superconductors with magnetic fields near Hc1 , SIAM
J. Math. Anal. 49 (2017), no. 2, 1225–1266, DOI 10.1137/16M1064398. MR3631388
[18] E. Sandier and S. Serfaty, On the energy of type-II superconductors in the mixed phase, Rev. Math. Phys. 12 (2000),
no. 9, 1219–1257, DOI 10.1142/S0129055X00000411. MR1794239
[19] , A rigorous derivation of a free-boundary problem arising in superconductivity, Ann. Sci. E´cole Norm. Sup. (4)
33 (2000), no. 4, 561–592, DOI 10.1016/S0012-9593(00)00122-1 (English, with English and French summaries).
MR1832824
[20] , The decrease of bulk-superconductivity close to the second critical field in the Ginzburg-Landau model, SIAM J.
Math. Anal. 34 (2003), no. 4, 939–956, DOI 10.1137/S0036141002406084. MR1969609
[21] , Vortices in the magnetic Ginzburg-Landau model, Progress in Nonlinear Differential Equations and their
Applications, vol. 70, Birkha¨user Boston, Inc., Boston, MA, 2007. MR2279839
[22] G. Verchota, Layer potentials and regularity for the Dirichlet problem for Laplace’s equation in Lipschitz domains, J.
Funct. Anal. 59 (1984), no. 3, 572–611, DOI 10.1016/0022-1236(84)90066-1. MR769382
P. B., Department of Mathematics, Purdue University, West Lafayette, IN 47907.
E-mail address: baumanp@purdue.edu.
G. P., Department of Mathematics, University of Arizona, Tucson, AZ 85721.
E-mail address: gypeng@math.arizona.edu.
